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. Abstract 

We review the resolvent technique for computing the effective action 
in planar QED. For static magnetic backgrounds the effective action 
yields (minus) the effective energy of the fermions, while for electric 
backgrounds the imaginary part of the effective action gives (half) 
the probability of fermion-antifermion pair creation. For some special 
'solitonic' background profiles, these effective actions can be computed 
exactly. 
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Consider the parity-even part of the 1-loop effective action for fermions 
in 2 + 1 dimensions in an external background electromagnetic field: 

W = -^Tr log {m 2 - [7 • (p-eA)] 2 } (1) 

Using a standard integral representation of the logarithm | 

W = -j — Ti exp {-is \m 2 - [7- (p-eA)] 2 jj (2) 

This representation, known as Schwinger's proper-time formalism, yields an 
elegant solution for backgrounds with constant field strength F^, because 
in this case the proper-time propagator, Tr exp(— is{m 2 — [7 • (p — eA)] 2 }), 
has a simple closed form, which arises because the spectrum of the Dirac 
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operator is known exactly, and is purely discrete; so it is easy to take the 
trace over the spectrum. For more complicated backgrounds, the exact 
spectrum is not (in general) known, and even if it is known, it is no longer 
purely discrete; so a more sophisticated method is needed to perform the 
energy trace. The resolvent method discussed here provides such a method, 
and has led to exact results in certain special nonuniform backgrounds |2|, ||] 
(see also Q). Specifically, consider a background field that is independent 
of one of the coordinates, and for which the corresponding component of 
is zero. Take, for example, a case where Aq = and the remaining fields 
are independent of time. This is appropriate for representing a static, but 
possibly spatially nonuniform, magnetic background. Then the trace over 
Po separates out and we obtain 



W mag = -ilHog{D-j>§} 




1 r dX tr = ItrP 1 ^ (3) 
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In the first line we performed a formal integration by parts, and in the last 
line we used Seeley's definition || of the power of an operator: 

V r = — / —-- dX (4) 

Note the appearance in (j||) of 1/(2? — A), the "resolvent" of the operator V. 
In (||), Tr includes the trace over po while tr refers to the remaining traces: 
the Dirac trace and the spatial momenta corresponding to the eigenvalues 
of the static operator T>. Using a "Dirac" representation for the Gamma 
matrices, 7 = a 3 , 7 1 = ia , 7 2 = ia 2 , V is diagonal: 

V = m 2 + (p - el) 2 + eF 12 a 3 (5) 

Note that the relation W mag = \tiV l l 2 simply expresses the fact that the 
static effective action is minus the effective energy; i.e. just a trace over the 
positive eigenvalues of the corresponding Dirac operator. 

For a constant magnetic field we choose A^ = (0,0, Bx), in which case 
each diagonal component of T> in (|5|) is a harmonic oscillator Schrodinger 
operator, with frequency 2eB. Thus (including the overall Landau flux 
degeneracy factor eBA/2ir) 

00 00 




W m&g = V Vm 2 + 2eBn +Y J Jm 2 + 2eB{n + 1 
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Restoring fi and c, the governing dimensionless ratio is , which is the 
ratio of the cyclotron energy scale ftu; c to the fermion rest energy mc 2 . 

This same expression can be obtained using the resolvent method. Since 
T> involves only ordinary (not partial) differential operators, it is a sim- 
ple matter to find the resolvent (just the product of the two independent 
parabolic cylinder eigenfunctions, divided by their Wronskian, and traced): 

The psi function [ip(z) = (d/dz)logT(z)} has simple poles at the negative 
integers, so one reproduces (^) using the contour integral expression in (||). 
It is also an instructive exercise to compare with the more conventional 
Schwinger proper-time computation which yields an integral representation 
of the zeta function appearing in (|6|) . 

The resolvent technique is unnecessarily complicated in this constant 
field case, when T> has a simple discrete spectrum. The power of this tech- 
nique becomes apparent for nonuniform backgrounds, for which the spec- 
trum of T> is no longer purely discrete. 

However, we first note that this formalism generalizes in a straightfor- 
ward manner to background fields that are independent of one of the spatial 
coordinates (say x 1 ), and also A\ = 0. The argument proceeds as before ex- 
cept for some (physically significant!) factors of i. This case is appropriate 
for describing a background electric field which may be time dependent. 
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W eiec = -l T rlog{p+p2} =i j|ltr 
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In the "crural" representation, 7 = —a 1 , 7 1 = «<r 3 , 7 2 = ia 2 , T> is diagonal: 

V = m 2 - (p - eA ) 2 + (p 2 - eA 2 ) 2 + ieF 02 a 3 (9) 

Notice that the eigenvalues of T> are no longer real, and so Wei ec is not 
purely real. Since the probability of no (fermion-antifermion) pair creation 
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is \e tW \ 2 = e 2Im ( w ) ps 1 — 2Im(W), this means that the imaginary part of 
the effective action gives (half) the probability of pair creation Q: 

P(pair creation) « 2Im(W) (10) 

For a constant electric field take = (0, 0, Et); then each diagonal com- 
ponent of T> in (||) is a harmonic oscillator Schrodinger operator with imag- 
inary frequency 2ieE. Then the effective action is given by a zeta function 
expression as in (||), with B replaced by iE. Using Hurwitz' representation 
of the zeta function ||, the imaginary part yields 

Im(W clcc ) = A [ -^l r - £ n3/2 (11) 

2 3 

In the constant electric field case the governing dimensionless ratio is ™ E c h ; 
essentially the ratio of the pair-creation threshold energy 2mc 2 to the work 
done eEh/mc accelerating a charge e over a fermion Compton wavelength. 

It is difficult to go beyond these constant field results (|6|]rl|). In the 
'derivative expansion' M, ||, ^ one assumes that the fields are 'slowly varying' 
with respect to a uniform background and expands formally in powers of 
derivatives. For special forms of the background, one can do better - one 
can find an exact integral representation [g] for the effective action for a 
static magnetic background with a "solitonic" profile: 

B(x,y) = Bsech 2 (x/X) (12) 

where B is a constant magnitude and A is a length scale. This problem is 
solvable because the spectrum of the corresponding Dirac operator is known 
exactly, and because the resolvent approach provides an efficient method 
for tracing over both the discrete and continuum parts of the spectrum 
Pj. The dimensionless combination eBX 2 describes how flat or sharp is the 
profile. In particular, when eBX 2 — ► oo one recovers the uniform field case. 
Correspondingly, the exact integral representation for the effective action 
can be expanded in an asymptotic expansion j2j, |3| 

W mag = (13) 
fa^y 1 (2fc + j-l)LB 2fc+23 - ( 2eB \ 2k+ i 

8vr f^ Q j\(2eBX 2 y ^ (2fc)!(2fc + j - \){2k + j - |) I m 2 ) 

The j = term in this sum agrees with the constant field answer, while the 



j = 1 term agrees with the first order derivative expansion contribution [1C]. 



4 



The general expansion ( |i~3| ) constitutes an all-orders derivative expansion 
answer. This result has recently been extended to QED^ + \ in H]. Also, 
an analytic continuation B — > %E yields a similar expansion for a time- 
dependent (but spatially uniform) electric field 

E(t) = Esech 2 (t/T) (14) 

Some physical consequences of particle production rates in such a back- 
ground will be discussed elsewhere. 
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